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f ∈ [M ][N ] ½g¡+§g P(f) = 1 L Y 
¥;¥°L¡1




Ω = {0, 1}t ¥¿Raagj+Lu a¯,3¥°gg¡1aQ h1 ¥°Q Ω a [N ] ¯ h2
¥°a
Ω× [M ]  [N ] ¯T«««¯ hT ¥°a Ω× [M ]T−1 a [N ] g~¦gg£~¥°gg¡1aQ O ¥°a
Ω [M ]




• 3 gRR½+g3£ ω ∈ Ω «
• 3 Q3u i1 = h1(ω) 4 ¢ ga£ i1 gO½ j1 = f(i1) «
• 3 Q3u i2 = h2(ω, j1) 4 ¢ £ i2 gÁ½ j2 = f(i2) «
• «««
• 3 Q3u is = hs(ω, j1, . . . , js−1) 4 ¢ ga£ is gÄ js =
f(is)
«





























f ∈ X c¥¿?u\¡ u
agZ
f ∈ X ¯!LZ/¯j¥9a?u ? ¢ g;aâQ«ªÈB3 a£¯!g3³Qaca ½L¡¡
Q§Q¡+¨ÁLJ¤
















































j 6= i «Ä









f ∈ X c¥ j = 0 g
agZ
f ∈ Y ¥ j = 1 «fÜ< ¢ ga£x¡3¤ue£Æ¥Ea 6³aß Oâ«n¬Ê+6½L¡¡\
gQgce£¥°7¥°g¡







i ∈ [N ] ¥°a3£Z+guQÁ¯ ¢ a£ i g j = f(i) «~Ä
gQgce£
(N − 1)/(2N − 1) u¡u7LZ f ∈ Y 4 çaLe£ N/(2N − 1)
¡ uªLZ
f ∈ X c¥ j = 0 L*LZ f ∈ Y ¥ j = 1 «Ü<g3g¡¡a?age£7¥°Q
a¥°g¡
z ∈ X   N/(2N − 1) «¿Ü</g¡¡a9gQgce£3¥°Q^¥°gg¡1aQ f ∈ Y  
(N − 1)/(2N − 1) + 1/(2N − 1) ¯BagZ^  N/(2N − 1) «¿ÈBªa½L¡¡\aLe£6¥
QE³QacaÝ 
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SN ×SM =  ﬀ´ .?>"@ ﬃ®·@ P ﬃ*) ﬃ!% J¶.+ﬃ®¶L¸BA ﬃBC ´DC
E
ﬃ FHG .´2 Z´ .1º
f ∈ X A τ ◦ f ◦ σ−1 ∈ X C
E
ﬃ!ﬃ FHG .´2 Z´ .1º
g ∈ Y A τ ◦ g ◦ σ−1 ∈ Y C
IJ@g´E¶
=


























G ≤ Aut(P) C
E
ﬃ!ﬃ FHG .´2 Z´ .1º
(f, g) ∈ X2 ∪ Y 2 ¸R@g´2.´Ł´µﬃ*)1¸) (σ, τ) ∈ G )
=
·@*¸R@g¶Z¸
g = τ ◦ f ◦ σ−1 C
S









SN × { ¬e } ¡1+aagcaQ£Q P    «Ü< ¥®Q¡13QgÆ
a6u³X¥¿gŁeÁ³a6k¥¡xè§L¡ª93¡+Q



































g(I) ∈ B «²¡OZw½ag37gaÁ«

L  8 ´¸
P
0a´¶x¸ .¶ )'ﬃ ¸ ﬃ! Z´¹»º )1º1 13´¸ .+ﬃ®· 0¹¶· /1 0'µﬁ ./ 0¹´ 1 C IJ@´-)
=
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I∈[N ]T ,B⊆[M ]T





















T ≤ N ¼° ¡+n Ł¥k¡+½~Á¡Q½~¥EQaa½+¾«¬­gj¯)½gLR½§g ¢ £
i ∈ [N ] gL\+Zª\½e ¡7ÆaO e\«§agQ¡~a7¡g ¢ ga£ i B£x
3R











f(I) ∈ B   f(I ′) ∈ B′ ¯jgBg P XI (B) = P XI′ (B′)
g

















































































0+´k¶ﬁ./0¹´ 1 A¶ ﬀ
A































•  @ )´ .a¶ﬀ1ª¹»º ω ∈ Ω ¶ ﬀ (σ, τ) ∈ Aut(P) C












•  1 ﬁ
=
¸Ê´










•  1 ﬁ
=
¸Ê´
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I∈[N ]T ,B⊆[M ]T
pP XI (B) + (1− p)(1− P YI (B))













e = pP XI (B) + (1 − p)(1 − P YI (B))
«Èu
e = F (p) = maxI,A pP
X
I (A) +











γ = F (η)
«¿?¦g+eaZEg








e = 1− p «Ä B  ¢ ggaa½¥;!LRg
g9a¯uLZk ¯













max(p, 1−p) ¯gc+ª γ ³a ¢ gR









































γ = ηP X1 + (1− η)(1− P Y1 ) = ηP X2 + (1− η)(1− P Y2 )
ªgä
η =
P Y1 − P Y2




1 − P X1 P Y2 + P X1 − P X2




N1(0, 1−P Y1 )
¯

































γ = ζP X1 + (1− ζ)P X2 = ζ(1− P Y1 ) + (1− ζ)(1− P Y2 ),
gg¡
ζ =
1− P X2 − P Y2


























f ∈ X B£ ¢ a£Bg³ I1  
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¹ K.+ﬃ ¸R@1 ﬂ; 
=
´ .1º6·'1 ﬁ!¹´µﬃ ¸Iº
T
> ﬃ ¸@*¶ Z´ .¶ KR´ )
=
·+·+´+)') ﬁ ./ 0 1
¶02ﬃ ¹ ﬃ ¸mº¶Z¸¹´a¶)1¸
ε
Æ¸@ ﬃ*)ﬁ./0+¶ 0 ﬃ ¹(ﬃ ¸mº-ﬀﬃ*)+¸ .+ﬃ,0
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¸@ ﬃ*)¶¹ K.+ﬃ ¸R@1 ¶.´ ﬃ!ﬀQ´ ﬁg´2 ﬀ´ g¸ <;¸@´ ﬃ!ﬁ
=
¸ 0¹¶· /21 0ﬂµ ;
=
,·¸ﬃ,
f ∈ X ∪ Y C

./ﬂ;CnÍ
p : X ∪ Y → [0; 1] ,OXQggce£Æu ½aj« 3 Qg½ uªnaaJ£
ga¡3*gu ¡Ea/¥°gg¡1aQg^¥





































































p ∈ [0, 1] ¯g¡g<g¥°Z³6u eau©
aQQa6½
X ∪ Y ä f ∈ X ³Qa?aLe£ p/|X | L g ∈ Y ³Qa?aLe£












pP XI (B) + (1 − p)(1 − P YI (B))
«
Ü<Bg





p ∈ [0, 1] ¯ugJ





























































































































¡jÉ Lª3ZO¥°a Ü<ga âQ« ^aagZ?gŁ¤RaR?O¡+uBce£*¡
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H × {0} ≤ Aut (P) ¶ﬀ H
¶Q·¸)
k
1­¸ .¶ )+ﬃ ¸ﬃ! Z´¹»º	
[N ]
C IJ@g´2;2.6´  J´ .1º














(a1, . . . , ak)
g





σ ∈ H ½L¡+Ág σ(ai) = bi
¥°Q^
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¼®cEª¥°Z^ª3\u£§¥°QÝÍjª6 3¥á ã ¾«
 L  ®u 8
´¸
P
0+´¶ﬁ ./ 0¹´ 1 )
=
·@6¸@¶¸
S[N ]×{0} ≤ Aut(P)
CMIJ@´ 	 !¶ ﬀ¶'ﬁ1
¸ ﬃ! Z´Ł¶¹ K.+ﬃ ¸R@1 ),;2.
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• kga£ i = 1, 2, 3, . . . RT¦gLug³ i ½L¡+§agZ f(i) 6= i «




• kga£+guQ u ½g¡1 i É ²Rg¦Lgu³ i g¡+ªLZ f(i) 6= i «
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¬­ça 7g¡ÄX½gZ agZOuBce£çuB§§gÄ¥°OÅ¡½+ç¡Q§¥
¡ Q7ag3«
5 76  °
 9 ﬁ./0¹´21
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  N	 ;
P
ﬃ*)O¶x·'Z¹ ¹ ﬃ*)'ﬃ, ﬁ./0¹´21 )
=
·@Æ¸@¶¸ {0} × S[M ] ≤ Aut(P)
A¸@´   1
¶ﬀ¶'ﬁ,¸ ﬃ! J´6¶¹ K.+ﬃ ¸R@1 ),;2.
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• B = {0} ä e = p(1− 1/N) + 1/N «
• B = {1} ä e = (1− p)(1− 1/N) «

















k ≤ N ¾1«²Ï£6Ü<Q â¯Q?L\eg¡¡a
gQgce£3agZE¡OLQ¡+\§ 
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sf ∈ (Z/2Z)n \ {0} g¡+Ág^¥°k x, y ∈ (Z/2Z)n ¯ f(x) = f(y)
¥¿gOQ£O¥













































P XI (Λ ∪ Ξ)






















































































f ∈ X §©ma©ÊÁQ I c¥gç£
¥?¥°~









I − I ua^Ç¨QZ^½¨Bju !ag¡¥ I gÁc+½c¥e¯,I« Q« I − I =











































































pP XI (A) + (1− p)
(













































E a¡+§g½+<gO¡  agZ f < X «
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Ëg gQ§gJQ



































































































































gŁa3©ma©Êª {0} × Z/KZ gx½L¡+agZ/aa6¤u e+
3R
sf ∈ Z/KZ ½g¡+agZ¥°Q x ∈ Z/KZ 96LJ f(1, x) = f(0, x + sf ) «
Ü<g
sf
































I = ({0} × I0) ∪ ({1} × I1) «
ÌÝ¥°gg¡1aQ
f ∈ X ªQu©ÊZåe\¡1aQ7Q I ¥?LnQ£Æ¥Eaa*a x ∈ I0 g





















































ﬀ   ),$ <#1 # ﬀ$ $&# !2 	  2.)  <#%$ 
Ëg¿? ¡+¨/,J¤


























P(f) 6= P(g) ¯ ng,j1 = nf,j1 + 1
¯




i 6= j1, j2 «
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ﬁ/íîeìRó:ﬃ "$ﬁ (σ, τ ) ñ%ﬃ»ïeóQñaî^ìQîeñ%"­ñaî  Jñ#"
nf,0 
ﬃ ïeóRñ¿ò1ë"­ñ τ = Id 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 N −nf,0
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 \ë côQñ#" $ íî nf,0 

"­ííQñ²í%$ïeóRñï íò# cë"$"­ñ%"ﬁ?ô:"Êïjò+íZï½ëﬃ!': cëò













































































   ×ÔOÔﬃÚ)Õ;Û×Ô Õ× Õﬁﬃ  $ÖÛ'$/Õ;Û×Ô ØOÛ'(TÕ $Ô7Ú ﬃ Õ;× "&×6Ú
( ﬃÔ(Û+ÕÛ6Û+Õ +-$ÔOØ Õ×
Õﬁﬃ*ﬃ.&'&ÛÔ	%ﬃ<Ö Ø7Û'(jÕ$ÔOÚ ﬃ



















[N ]  {0, 1} «  \¡)gc¥ T  
R³\¯








g ∈ Y aZ ½¥°£R³X
¡gcaQ










































I∈[N ]T ,B⊆[M ]T
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2−α ≤ γ ≤ 12 + α2
C
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E : [0; 1] → [12 ; 1]

















































































γ ≤ 12 + α2
g¡





p ∈ [0; 12]  g§aª¡Q½~ ¥E¡Qa
¢
Ł½3 \«)Ü¨Bg³

































λ ∈ [0; 1) ∩Q g µ ∈ [12 ; 1) ∩Q
g¡+Xg 1
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f, g ∈ Z ¶.a´ )¶ﬃ,ﬀ§¸ 0+´ C 1 ﬀﬃ*) ﬃ!g¸ﬃ ; C(f) ∩ C(g) = ∅ C
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SwC,ε(P) ≥ (2ε− 1) bsC(P).
¬­:á ZãE 3ga ½63x,X½aZaW¥°3a+<¥°g¡g§£ ¼®m« «¯¥°3g
¡
















f ∈ Z  C ′(f) = C(f) g§¥ f /∈ Z  C ′(f) = 2[L] «
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f ∈ [M ][N ] g¡+LZ P(f) = 1 g Y g§½¥<¥°g¡ g ∈ [M ][N ] g¡+g
P(g) = 0
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hC(P) ≤ 1/2 ¯
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f ∈ Z  C ′(f) = C(f)
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